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In magnetism, skyrmions correspond to classical three-dimensional spin textures characterized by
a topological invariant that keeps track of the winding of the magnetization in real space, a property
that cannot be easily generalized to the quantum case since the orientation of a quantum spin is in
general ill-defined. Moreover, as we show, the quantum skyrmion state cannot be directly observed
in modern experiments that probe the local magnetization of the system. However, we show that
this novel quantum state can still be identified and fully characterized by a special local three-spin
correlation function defined on neighbouring lattice sites – the scalar chirality – which reduces to
the classical topological invariant for large systems, and which is shown to be nearly constant in the
quantum skyrmion phase.
The broad use of topological language is one of the
main trends in contemporary physics, including con-
densed matter physics and even materials science [1–
11]. Numerous nontrivial topological effects in super-
fluid helium-3 [4], the concept of topological quantum
phases in strongly correlated systems [5, 6], topologically
protected zero-energy states in magnetic field and other
topology-related issues in graphene [7], and the quickly
growing field of topological insulators [9] provide excel-
lent examples. When considering quantum systems we
usually deal with topology in reciprocal k-space [5, 6],
whereas for classical systems topological protection of de-
fects of different kind [8] plays a crucial role.
Among such defects, magnetic skyrmions [12] are
currently attracting special attention due to perspec-
tives to use them in magnetic information storage [22–
24]. The progress in the development of experimen-
tal techniques [13–20] poses new challenges for the
theory and numerical simulations of ordered magnetic
phases [21]. Thus, skyrmions with the characteristic size
of a few nanometers have already been observed exper-
imentally [25, 26], and predicted theoretically in frus-
trated magnets [27–29], narrow band Mott insulators un-
der high-frequency light irradiation [30], and Heisenberg-
exchange-free systems [31]. On such small characteris-
tic length scales compared to the lattice constant, quan-
tum effects cannot be neglected. The same difficulty also
arises in low-dimensional systems with small spin (e.g.
S = 1/2) [32] and itinerant systems with delocalized
magnetic moments.
It is however not at all clear what a quantum skyrmion
(that is, a skyrmion in a system of quantum spins) could
be. There is indeed no way to introduce a topological
charge for the quantum spin case which would protect
quantum skyrmions similar to the topological protection
in classical systems [8]. Physically it means that topologi-
cally protected classical spin configurations are, generally
speaking, not robust with respect to quantum tunnel-
ing which can transform them into topologically trivial
states. Nevertheless one can assume that the existence
of topologically protected classical magnetic configura-
tions should influence, in some way, the properties of the
corresponding quantum systems.
This fundamental problem was not clarified in the pre-
vious attempts to introduce “quantum skyrmions”. In-
stead, description of this quantum state was either done
semiclassically assuming that the magnetization dynam-
ics is dominated by classical magnetic excitations that
emerge on top of the symmetry-broken ground state of
the system [40–42], or by means of the Holstein-Primakoff
transformation, which only allows one to compute quan-
tum corrections to the classical solution [43]. Also, the
standard identification of a skyrmion by its magnetiza-
tion pattern was used in recent works [44, 45], where
topological states of small clusters embedded in a ferro-
magnetic environment were investigated. However, this
does not take into account the fact that, strictly speaking,
the corresponding states are not actually “topological” in
the sense of some rigorous protection. This problem will
be addressed in this work.
Characterization of a quantum skyrmion — Conceptu-
ally, the quantum skyrmion problem is somewhat similar
to the formation of the antiferromagnetic (AFM) order-
ing in quantum systems. Whereas the classical skyrmion
solution on the lattice is characterized by a distinct mag-
netic pattern, in the infinite quantum system all lattice
sites are identical and have the same value of the lo-
cal magnetization. Assuming that modern Lorentz and
spin-polarized scanning tunneling microscopy (SPSTM)
techniques weakly affect the quantum system, the mea-
surement of the quantum skyrmion state will thus result
in the same value of the local magnetization for all lattice
sites (see Fig. 1 right). In the case of antiferromagnets,
the appearance of sublattices is expected to be induced
by applying a staggered field that selects the classical



























but, contrary to the case of ferromagnets, this field is
not very physical, and it is not easy at all to understand
how it can be realized in practice. However, the same
can be achieved with the use of the analog of the quan-
tum Zeno effect [38, 39], that is, by performing repeated
local (von Neumann) measurements of the spin [34–36],
which can possibly be realized in inelastic X-ray or neu-
tron scattering (NS) experiments. This strong influence
on the quantum system will result in the collapse of the
wave function to one of the possible basis states with
a certain probability, via formation of the “decoherence
waves” [35].
For the quantum skyrmion case, it turns out that these
states do not resemble the classical skyrmion solution. To
demonstrate this point, we consider a particular exam-
ple, the quantum skyrmion state discussed below (2) sta-
bilized on a 19-site cluster with periodic boundary condi-
tions at magnetic field B = 0.4. Von Neumann measure-
ments of the local magnetization are modelled using a
quantum computer simulator as implemented in QISKIT
package [49]. To this aim we obtain the ground state
of the considered system and use it for initialization of
qubits. After that, each qubit is measured several times
to get different basis functions demonstrated in left panel
of Fig. 1. Since the considered quantum system is transla-
tionally invariant, the local magnetization of the ground
state averaged over all basis functions 〈Ŝzi 〉 = 〈Ψ0|Ŝzi |Ψ0〉
is uniform. Therefore, contrary to the classical skyrmion
case, the quantum skyrmion state cannot be detected
in any modern experiment that performs a simple local
measurement of the magnetization.
Instead, one could calculate the momentum-space rep-
resentation of the more complicated spin-spin correlation
function (structure factor), and if there is magnetic or-
dering, it is signalled by the development of Bragg peaks
at momenta that correspond to the wave vectors q of
the ordering, as in antiferromagnets. Since the classical
skyrmion can be considered as a superposition of spin
spirals, a similar pattern of Bragg peaks is expected for a
quantum skyrmion state. However, due to the quantum
nature of the problem, and by contrast to the classical
case, the quantum helical phase is also characterized by
the quantum superposition of spin spirals. Therefore,
as we demonstrate below, the structure factor also does
not allow to distinguish between these two phases of the
quantum system.
Strictly speaking, even in the classical case the spin-
spin correlation function is also not a sufficient measure
for a skyrmion state, because different skyrmion, vortex,
bubble and multi-domain phases are indistinguishable on
the level of the structure factor (see e.g. [50, 51]), and
some more complicated correlation functions should be
used as discussed in the Supplemental Material (SM) [52].
The classical skyrmion state is actually characterized by
a topological invariant which, for continuum models of
FIG. 1. Schematic representation of the local magnetiza-
tion measurements of the quantum skyrmion state realized
on a 19-site cluster. Upon individual von Neumann measure-
ments, this state collapses to different basis functions shown
in left panel. The average of the local magnetization over
all basis functions results in a uniform magnetization pattern
that could be observed in SPSTM experiment (right panel).





m · [∂xm× ∂ym] dx dy (1)
that counts the number of times the magnetization m(r)
wraps around a sphere. This characterization depends in
an essential way on the relative orientation of the local
spins, an information which cannot be extracted from the
quantum ground state for the reasons explained above.
The fundamental problem is thus how to generalize the
classical topological invariant (1) to the quantum case.
On a lattice, the proper version of the classical topologi-
cal invariant has been proposed by Berg and Lüscher [53].
According to their idea, the winding of the magnetiza-
tion can be approximated by a sum of all spherical sur-
faces that are formed by three neighboring spins. Unfor-
tunately, as shown in SM [52], their expression for the
skyrmion number QBL cannot be easily converted into
a linear quantum operator. What we propose here is
to use a discrete version of the topological invariant, the
scalar chirality (see below). As we shall see, this quantity,
which is naturally defined for both classical and quantum
spins, captures the non-collinearity of neighboring spins,
and it turns out to be almost constant inside skyrmion
phases both for classical and quantum spins. In the quan-
tum case, the scalar chirality reduces to a local quantity
defined for nearest-neighbor spin operators leading to a
general and flexible characterization of skyrmions.
Results — We start with the following lattice Hamil-
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Here, Jij is the isotropic Heisenberg exchange interac-
tion. Dij is an in-plane vector that points in the direction
perpendicular to the bond between neighboring i and j
sites and describes the Dzyaloshinskii-Moriya interaction
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FIG. 2. Complete set of observables describing skyrmions in the classical and quantum case. Skyrmion number and average
magnetization (A, B), local magnetization pattern of the lattice (C, D), and structure factors (E, F) as a function of magnetic
field for the classical (left panels) and quantum (right panels) problems for a 19-site triangular lattice with periodic boundary
conditions. Roman numbers denote different phases. Since the classical ground state is many-fold degenerate we have chosen a
representative pattern for the magnetization panel (C). The inset in panel (A) shows three different types of classical skyrmions
revealed in the intermediate phase by the scalar chirality.
(DMI). B is an external uniform magnetic field applied
along the z direction. Quite generally, the competition
between the exchange interaction and the DMI leads to
the formation of a classical skyrmion that is usually sta-
bilized by a nonzero magnetic field.
Let us look at the phase diagram of the model of Eq. (2)
on the triangular lattice. To compare the classical and
the quantum spin-1/2 cases, we have chosen to work on a
19-site cluster that is one of the largest systems for which
the ED solution can be obtained [54]. The exchange in-
teraction is set to J = −0.5D, where D is the length of
the DMI vectors, to produce a nanoskyrmion compatible
with this cluster size. The main results are summarized
in Fig. 2. The classical model has been solved for unit
magnetization vectors. After that classical energies cal-
culated for different magnetic fields have been normalized
to compare the result with the quantum solution.
For the classical case, the presence of three main phases
is already clear from the average magnetization 〈mz〉
(Fig. 2 (A)), which exhibits two jumps at Bc1 ' 0.21
and Bc2 ' 0.6, indicating strongly first order phase tran-
sitions and major reorientations of the spins. However,
a closer look at the real space orientation of the spins
(Fig. 2 (C)) shows that in the low-field phase the spins
are coplanar (I), while in the intermediate phase the spins
form three different 3d-textures (II, III, and IV) in spin
space, which are hardly distinguishable from the energy
plot (see the SM [52]). Above Bc2 ' 0.6, the spins are
fully polarized (V), so Bc2 is the saturation field. To
further identify the nature of the various phases, it is
useful to look at several additional properties. The first
one is the static longitudinal spin structure factor de-
fined as X
‖
q = 〈ŜzqŜz−q〉. Fig. 2 (E) shows that in the low
field phase, it exhibits two Bragg peaks at opposite wave
vectors q and −q, typical of a helical state of pitch vec-
tor q. In the intermediate phase, the structure factor
is less specific. It looks like the superposition of 3 pairs
of Bragg peaks rotated by π/3 and of a Bragg peak at
the zone center. This is, of course, consistent with a
skyrmion structure that, together with the superposition
of enclosed spin spirals, is associated with the ferromag-
netic ordering along the skyrmion boundary. However, as
we have pointed out above, the real identification comes
from the topological invariant QBL, which is calculated
here using the Berg-Lüscher approach [53]. As expected,
we observe that this invariant is equal to unity in the
intermediate phase and vanishes outside it (Fig. 2 (A)).
Importantly, neither the structure factor nor the topo-
logical invariant can reflect the presence of three types of
skyrmions in the intermediate phase.
Let us now try to perform a similar analysis for
the quantum case. From the average magnetization
(Fig. 2 (B)), three regimes emerge, but as compared to
the classical case, the first transition is rounded. In-
deed, 〈Ŝz〉 shows a rapid but smooth increase at a field
BΨ1 ' 0.3 and a jump at BΨ2 ' 0.7. The identifica-
tion of the nature of these phases is by far not as simple
however. First of all, as anticipated in the introduction,
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the expectation value of the local spin is uniform. So it is
impossible to detect a planar or a 3d-texture from this ob-
servable as can be seen from Fig. 2 (D). The natural idea
is then to turn to the structure factor (Fig. 2 (F)). How-
ever, there is no qualitative difference between low and
intermediate fields: in both cases, there are six maxima
forming a hexagon and a maximum at the zone center,
as in the skyrmion phase of the classical case.
Does it mean that there is a single phase between
zero field and saturation, and no well defined skyrmion
phase? Not necessarily. Indeed, if we think in semiclassi-
cal terms, the effect of quantum fluctuations on a helical
phase will be to stabilize a linear combination of helices
if there are different choices of equivalent wave-vectors,
and indeed here there are three equivalent choices of pitch
vector. So if the low field phase is the quantum version
of the helical phase, we indeed expect to have a hexagon
of peaks. The problem is that this is also expected in the
case of a skyrmion phase. So it is possible that there are
two different phases for quantum spins as well. It is just
impossible to distinguish them with the structure factor.
This example clearly calls for an alternative character-
ization of quantum skyrmions. The solution we propose
is based on the following remarks. First of all, the fun-
damental difference between a classical helical state and
a classical skyrmion is that the helical state is a coplanar
structure (all spins lie in a given plane) while a skyrmion
is a 3d-texture. So these structures can be distinguished
by the mixed product of three spins Si · [Sj ×Sk], where
i, j, and k are three arbitrary lattice sites. Indeed this
expression will be exactly zero for a helical state, but not
for a skyrmion. In fact, the skyrmion invariant involves
a similar mixed product of three magnetization vectors,
because the discrete form of the classical topological in-






mi · [mj ×mk]. (3)
Here, mi, mj , and mk are classical magnetization vec-
tors of length 1, and the summation runs over all non-
equivalent elementary triangles that connect neighboring
i, j, and k sites. This quantity is known in other contexts
as the scalar chirality, the term we will use from now on.
Importantly, as we show in SM [52], the scalar chi-
rality (3) coincides with the topological invariant (1) in
the classical limit of the skyrmion when the magnetiza-
tion slowly varies with respect to a lattice constant. For
nanoskyrmions, whose typical length scale is compara-
ble to the lattice constant, a more precise result for the
topological invariant is given by the Berg-Lüscher ap-
proximation. Still, the scalar chirality is equally good
when it comes to distinguishing a helical phase from a
skyrmion phase. Indeed, it vanishes identically in a heli-
cal phase because it is strictly coplanar, and it does not
for a 3d-texture. For the classical case this fact is illus-
trated in Fig. 2 (A). A closer look at the scalar chirality
in the intermediate range of magnetic fields presented in
the inset allows one to distinguish three skyrmion phases.
They are characterized by the different size and structure
of the magnetic pattern, which is illustrated in Fig. 2 (C)
on II, III, and IV panels. Thus, contrary to the topo-
logical number QBL, the scalar chirality is sensitive to
different types of magnetic skyrmions.
Now, the main advantage of the scalar chirality over
the Berg-Lüscher invariant when it comes to quantum
systems is that this quantity can be interpreted as a lin-
ear operator for quantum spins, so that a ground state
indicator can be defined by simply calculating the expec-
tation value of this operator in the ground state. This





〈Ŝ1 · [Ŝ2 × Ŝ3]〉, (4)
where N is the number of non-overlapping elementary
triangular plaquettes that cover the lattice. Labels 1, 2,
and 3 depict three different spins that form an elemen-
tary plaquette. Here, we used the fact that the quantum
ground state of the system is translationally invariant, so
that the value of the scalar chirality is the same for any
elementary triangle. Therefore, the local three-spin cor-
relation function defined on neighboring lattice sites (4)
already gives complete information about the topology of
the entire quantum system, something that is impossible
in the classical case.
As shown in Fig 2 (B), QΨ behaves differently in low,
intermediate, and high-field phases. Contrary to the clas-
sical case, at low fields (BΨ1 < 0.3) the quantum chirality
increases gradually with the magnetization. Approach-
ing the intermediate regime, QΨ saturates and remains
nearly constant in a very broad range of magnetic fields.
This remarkable result cannot be simply interpreted as
a freezing of the system since the magnetization keeps
growing as in the low field phase, implying that the quan-
tum ground state of the system evolves continuously. Fi-
nally, at the critical field BΨ2 ' 0.7, the system enters
the fully polarized regime, as indicated by the stepwise
decrease of the quantum chirality to zero. The physical
picture for the low-field phase is that the ground state is
coplanar at zero magnetic field. But instead of remaining
coplanar as in the classical case, the linear combination
of helical states in the quantum system acquires a non-
coplanar structure upon increasing the field. In this case,
spins progressively move out-of the plane in the direction
of the field, which results in a nonzero value of the scalar
chirality proportional to the tilting angle. By contrast, in
the intermediate phase, the relative angle between spins
does not change. It is the collective orientation of the
skyrmion spin texture that allows the system to continue
developing magnetization.
Conclusion — We have introduced and analyzed a
novel quantum state of a spin system – a quantum
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skyrmion. We have shown that this state can only
be fully characterized by the expectation value of a
skyrmion operator related to the local quantum scalar
chirality of three neighboring spins. Indeed, in close
analogy to the topological invariant that keeps track of
the winding in classical skyrmions, the expectation value
of the skyrmion operator is field independent to very
high accuracy inside the skyrmion phase, by contrast
to the simple superposition of spin orderings, where it
changes a lot with the field. The value at which it stabi-
lizes is related to the size of the skyrmion, and it would
approach unity for very large skyrmions. This reduction
factor is related to the value of the nearest-neighbor cor-
relation function and can be independently estimated, so
that, if necessary, the expectation value of the skyrmion
operator could also be used to estimate the number of
skyrmions in a quantum nano-skyrmion structure. We
believe that our results can stimulate the development
of experimental techniques to locally probe the topology
of the entire quantum system. For instance, the impact
of the scalar chirality can be seen in the topological
Hall effect [56–59], in the finite topological orbital mo-
ment [60–65], or in nonlinear optical experiments [66–69].
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The eigenstates used for the calculation of the scalar
chirality, magnetization and structure factors were ob-
tained via an exact diagonalization approach. For that
purpose we used the implicitly restarted Arnoldi algo-
rithm as implemented in ARPACK library. Such a solu-
tion allowed us to optimize memory and CPU utilization
due to CRS (Compressed Row Storage) sparse matrix for-
mat [54] used for the representation of the Hamiltonian.
It is noticeable that, for the triangular supercell we have
used, the ground state is sixfold degenerate for magnetic
field values below 0.28 and in a narrow region between
the skyrmion and saturated phases. To obtain such a rich
ground state structure we calculated 24 extreme eigen-
states with lowest energy using 256 Arnoldi vectors. We
also checked that further increasing these numbers does
not change the ground state structure. The calculation of
scalar chirality as well as fidelity, local magnetization and
structure factors was performed on GPU using CUDA
framework and cuBLAS library.
FIG. 3. Comparison of the classical (black circles) and quan-
tum (red circles) energies of the ground state of the system.
Parameters used for the calculation are the same as in Fig. 2
of the main text.
CONNECTION TO A CLASSICAL SKYRMION
In this section we show that the scalar chirality, which
is a discrete form of the classical skyrmion number, co-
incides with the expression for the topological number
proposed by Berg and Lüscher [53] in the continuous
limit. As has been mentioned in the main text, Berg
and Lüscher proposed to calculate the skyrmion num-
ber through the sum of all spherical surfaces that are
formed by three neighboring 〈ijk〉 spins. The most con-
venient expression for the Berg and Lüscher formula for








8〈Ŝi · [Ŝj × Ŝk]〉
1 + 4(〈ŜiŜj〉+ 〈ŜjŜk〉+ 〈ŜkŜi〉)
]
where the authors replaced all spin products by corre-
lation functions as an attempt to introduce a quantum
analog of the classical skyrmion number. Since the quan-
tum ground state is translationally invariant, all lattice
sites are identical, and the neighboring scalar product
and mixed product correlation functions on the trian-
















〈Ŝ1 · [Ŝ2 × Ŝ3]〉,
where α = 4
1+12〈Ŝ1Ŝ2〉
. When the characteristic size of
a skyrmion is much larger than the lattice constant, the
magnetization varies slowly in space. Then, the nearest-
neighbour spins are approximately aligned, and we get
a short-range ferromagnetic order. Then, the spin-spin
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correlation function 〈Ŝ1Ŝ2〉 ' 〈Ŝ1〉 〈Ŝ2〉 = 1/4, leading
















mi · [mj ×mk],
which results in the discrete analog of the standard for-
mula for a classical skyrmion number.
We would like to note that the quantum skyrmion
state has a lower energy than the corresponding clas-
sical skyrmion solution due to quantum fluctuations, as
demonstrated in Fig. 3. Thus, this novel quantum state
represents the true ground state of the system.
TWO-SPIN CORRELATION FUNCTIONS
Spin-spin correlation function (structural factor) pro-
vides an important information on the magnetic exci-
tations in a physical system. Momentum-space rep-
resentation of the longitudinal spin structural factors
〈ŜqŜ−q〉‖ is presented in Fig. 4 for different values of
the magnetic field B. The detailed analysis of the po-
sition of Bragg peaks is presented in the main text.
Fig. 5 shows the magnetic field dependence of the longi-
tudinal 〈ŜiŜj〉‖ and transverse 〈ŜiŜj〉⊥ real-space spin-
spin correlation function between neighboring 〈ij〉 spins.
Here, 〈ŜŜ〉‖ = 〈ŜzŜz〉 and 〈ŜŜ〉⊥ = 〈ŜxŜx〉+ 〈ŜyŜy〉.
Remarkably, we find that the structural factor is not con-
stant in the skyrmionic phase.
HOW TO DISTINGUISH QUANTUM
SKYRMIONS OF DIFFERENT TYPES
Another useful quantity to supplement the scalar chi-
rality is the fidelity [70] Fαβ = | 〈Ψα|Ψβ〉 |, which mea-
sures the overlap between two quantum states |Ψα〉 and
|Ψβ〉. This quantity is shown in Fig. 6 as a function of
the two magnetic fields at which the ground state eigen-
functions |Ψα,β〉 = |Ψ(Bα,β)〉 were calculated. The in-
tensity of the plot corresponds to the value of the fidelity
Fαβ . Here, we observe four different phases that can
be clearly isolated by exactly zero fidelity between their
ground states. It is again truly remarkable that the fi-
delity approaches unity (Fαβ > 0.92) in the intermediate
field regime, which shows that for this range of magnetic
fields the quantum ground state of the system indeed rep-
resents a unique quantum skyrmion state. Moreover, the
fidelity inside the skyrmion phase is almost as uniform as
in the fully polarized one, where it is identically equal to
1 due to the trivial product structure of the ground state
of the system. By contrast, the low-field phase is more
sensitive to a change of magnetic field: the value of the
fidelity is unity only for equal values of the magnetic field
Bα = Bβ . A similar behaviour is observed in a narrow
window of magnetic fields 0.66 ≤ B ≤ 0.68 at the end
of the intermediate field phase right before the transition
to a polarized state. This result is consistent with the
behavior of the quantum chirality presented in Fig. 2 (B)
of the main text.
It is important to note that quantum skyrmions stabi-
lized at the same magnetic field but with differently ori-
ented vector of the Dzyaloshinskii-Moriya interaction can
only be distinguished by the fidelity. For instance, one
can obtain quantum skyrmions of Bloch or Néel types
taking the in-plane anisotropic exchange interaction to
be parallel or orthogonal to the real-space vector that
connects neighboring lattice sites, respectively. In the
classical case, the specific skyrmion type can be recog-
nized by the magnetization density distribution. By con-
trast, the quantum Bloch and Néel skyrmions will be in-
distinguishable from the point of view of the magnetiza-
tion, spin structural factors and quantum scalar chirality.
The only quantity that can distinguish between these two
quantum states is the fidelity, since | 〈ΨNéel|ΨBloch〉 | ' 0.
However, the case when two different types of skyrmions
appear in the same magnetic material is rather special.
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